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Abstract 

Let G be the symplectic group Sp^ over a non Archimedean lo¬ 
cal held of any characteristic. It is proved in this paper that for 
p € [1,4/3) U (4, oo] neither the group G nor its lattices have the 
property of approximation by Schur multipliers on Schatten p class 
of Lafforgue and de la Salle. As a consequence, for any 
lattice r in G, the associated non-commutative space L^[LT) of 
its von Neumann algebra L(r) fails the operator space approxima¬ 
tion property (OAP) and completely bounded approximation prop¬ 
erty (CBAP) for p € [1,4/3) U (4, oo]. Together with previous work 
[LdlSl IHdL13al IHdL13bl ldL| , one can conclude that lattices in a higher 
rank algebraic group over any local held do not have the group ap¬ 
proximation property (AP) of Haagerup and Kraus. It is also shown 
that on some lattice P in Sp^ over some local held, the constant func¬ 
tion 1 cannot be approximated by radial functions with bounded (not 
necessarily completely bounded) Fourier multiplier norms on CyP), 
nor on U‘{LT) for hnite p > 4. 


1 Introduction 

Let X be a Banach space. Recall that X has the Banach space ap¬ 
proximation property (AP), if there exist a net of hnite rank operators 
Tq G B{X), such that lima \\TaX — x\\b = 0, for any compact 

subset K d X.li furthermore sup^, ||Tq;||s(x) < oo, we say that X has 
bounded approximation property (BAP). BAP is stronger than AP 
by dehnition, and in |Groj Grothendieck showed that for a rehexive 
Banach space, AP is equivalent to BAP. 
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An operator space is a closed linear subspace of bounded linear 
operators on a Hilbert space. An operator space X C B{H) is said 
to have the operator space approximation property (OAP), if there 
exist a net of finite rank operators G B{X), such that for any x G 
X C B{£‘^i^H), we have limQ, \\Id£ 2 i^Ta{x) — x\\B(^£ 2 ^^-^ = 0. 
If moreover, the complete bounded norms of are uniformly bounded 
supo, 11 To 11 cb < oo, then we say that X has the completely bounded 
approximation property (CBAP). For an operator space, OAP (resp. 
CBAP) implies AP (resp. BAP) for the underlying Banach space 
structure m- 

Let P be a countable discrete group. Denote L(r) its group von 
Neumann algebra and ]X{LT) the associated non-commutative 
space, p G [1, oo). 

In |LdlS| . it is shown that for a lattice P in SL 3 {F), where F is any 
local held (e.g. M, C, Qp, Fp((r))), LP(LP) does not have OAP for p G 
[1,4/3) U (4, oo). The result is extended in [dL] to lattices in Sp{2,M.) 
(i.e. S'p 4 (M)) and p G [1. 12/lDufl2. ool. which is improved in |dLdTS] 
to p G [1, 10/9) U (10, oo). In this article, we show that L'P{LT) do not 
have OAP for lattices P in Spi{F) over any non Archimedean local 
held F, and p G (1,4/3) U (4, oo). 

Following |LdlS| . this is achieved by investigating the property of 
approximations by Schur multipliers on Schatten class 
for a locally compact group (see Section 2). It enjoys many nice 
properties: having is equivalent for lattices and the ambi¬ 
ent group; having is equivalent to having where 

p' is conjugate to p; for p = 1 or inhnity, it is equivalent to weak 
amenability. 

Theorem 1.1 Let F be a non Archimedean local field of any charac¬ 
teristic. Then neither the symplectic group off by f matrices Sp 4 {F) C 
M^xiiF) nor any of its lattices have the AP^fi^'^'^ for p G [1,4/3) U 
(4,oo]. 

Corollary 1.2 Let F be a non Archimedean local field. Then for any 
lattice P in SpfiF), the associated non-commutative PP space of its von 
Neumann algebra L(P) does not have the operator .space approximation 
property (OAP) nor the completely bounded approximation property 
(CBAP) for p G (1,4/3) U (4, oo). 

Remark. Theorem 11.11 and Corollary 11.21 are analogues statements 
of Theorem D and Theorem A on S'Ls in [LdlSj . Prom the original 
results on SL^ one does not see the difference between Archimedean 
local helds and non Archimedean local helds: the ranges of p obtained 
in |LdlS| for both cases are the same (1,4/3)U(4, oo). Whereas for Sp 4 , 
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the ranges (1,4/3)U(4, oo) obtained in this paper for non Archimedean 
local fields are better than the ones (1,10/9) U (10, oo) established for 
Archimedean local fields [dLdlS] . It is unlikely that this is a genuine 
difference between local fields, but existed arguments [dLdlS] do not 
improve the ranges for 5 p 4 (M). 

As for group approximation properties, recall that for a discrete 
group r, weak amenability for F is equivalent to CBAP for (^/(r) 
|Haag| ; approximation property of Haagerup and Kraus (AP) is equiv¬ 
alent to OAP of ^/(r) (Theorem 2.1 |HK| . see also [BO] F 

Theorem 11.11 together with [LdlSl IHdL13al IHdL13b| , we conclude 

Corollary 1.3 Let k he a local field, and G be an almost simple alge¬ 
braic k-group with k-split rank > 2. Then non of the lattices in G{k) 
has the approximation property (AP) of Haagerup and Kraus IHKf . 

We turn back to Grothendieck’s Banach space AP. P. Enflo con¬ 
structed the first example of Banach space without AP [Enf] . Later, 
the natural example of bounded linear operators on a Hilbert space 
was shown to fail AP [Szanj . It is not known whether there exists 
countable group P such that C'/(r) or L^{LT) for some finite p fails 
AP (or even BAP). 

Let P be the finitely generated group S'p 4 (Fq[r]) of symplectic 
matrices over the ring of polynomials Fg[T] where the coefficients are 
in the finite field Fg and q is an odd prime power. It is a lattice in 
S'p 4 (Fq((T“^))). The following theorem rules out the possibilities of 
approximations by radial Fourier multipliers on (^/(P) and L^(LP). 

We say that £ : P —)• M>o is a length function if < ^'( 7 ) + 

£(7'), 7,7' € P. A function is called Gradial if /(7) = /(7O whenever 

£(7) = ^(7'). 

Theorem 1.4 Let P he the finitely generated group above. There ex¬ 
ists a length function i : T ^ M>o which is biLipschitz to the word 
length on P, such that the constant function 1 E C'(P) cannot he ap¬ 
proximated point-wise by any family of i-radial (not necessarily com¬ 
pletely hounded) Fourier multiplier {fa)aei C CP on ^/(P) with 

sup||m/^||MQ(r) < +00, 

a&I 

nor by Fourier multipliers on L'P{LT) with 

sup||m/^||MLP(Lr) < +00 

ael 


for finite p > 4. 
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As a by-product of the arguments, a similar statement on Schur 
multipliers on Schatten class is also obtained. Recall that in |LdlS] . 
it is shown that for a non discrete group, completely bounded Schur 
multiplier norms and Schur multiplier norms are equal. Whereas, a 
conjecture of Pisier postulates that there exists a Schur multiplier on 
which is not completely bounded for any finite p > 1. 


Theorem 1.5 Let T be the finitely generated group defined above 
(as in Theorem I. 4 ). There exists a length function i on T that 
is biLipschitz to its word length, such that the following holds: for 
any p € (4,-|-oo), 1 G C'(r) cannot be approximated point-wise by l- 
radial functions fa G C(r) such that their Schur multiplier norms are 
bounded (not necessarily completely bounded) uniformly 


sup 11 11 MSP (£2 r) < + 00 . 

a£l 


The paper is organized as follows. 

In Section 2, is recalled, some simple facts about non- 

commutative IP spaces and quantitative versions of the theorems 
above are given (modulo important results in [LdlS| b 

In Section 3, the proof of Theorem 1 1.1 1 is given. The proofs are dif¬ 
ferent for cases when the characteristic of T is 2 and when it is different 
from 2. Matrices constructed in [LaflOcl ILiaolSl [Liaol4j are used and 
some arguments treating SL^ [LdlSj (in particular Lemma 4.9) can be 
adapted to the case of Sp^. 

In Section 4, the proof of Theorem 11.41 is given. The reason for 
restricting to radial functions is technical; the arguments only give 
estimates for spherical functions on the ambient group. The matrices 
used in the proof of Theorem 11.11 do not apply since they do not give 
rise to invariant operators. Instead, explicit functions constructed 
in [LaflOal ILiaol4| are used in the proof (without using Lemma 4.9 
[LdIS] L 

Lastly in Section 5, Theorem 11.51 is proved. 

Acknowledgment: I thank Vincent Lafforgue for his encourage¬ 
ment to study the problem of group approximation properties for Sp 4 . 
I also thank Mikael de la Salle for numerous helpful discussions and 
valuable suggestions on several improvements and simplifications of 
the proofs. 
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2 Multipliers on Schatten classes and 
non commutative U spaces 

Let p € [l,oo] and Lf be a Hilbert space. For p < oo, denote S^{H) 
the Schatten p class on H, i.e. the subspace of bounded operators 
T G B{H) such that the trace Tr(|T|^) is finite. It is a Banach space 
with respect to the norm = Tr(|T|P)^/P,T G SP{H). For 

p = oo, denote S'^{H) the space of compact operators. 

Let V be a topological space with a fixed Borel measure. A con¬ 
tinuous function (p G C{X x X) is said to be a Schur multiplier on 
SP{L?‘X), if for any operator T G SP{L‘^X) D S‘^{L?‘X) (being a dense 
subspace of S^{Lp‘X)) with symbol {Tx^y)x,yex, the operator with sym¬ 
bol {p{x,y)Tx,y)x,y&x is in SP{LP‘{X)) and 

\\{ip{x,y)Tx,y)x,y£x\\sp{L'^X) < C\\T\\sj,(i2x) 

for some C > 0 - the smallest C is denoted by \\p\\msp(l'^x)- If 
furthermore there exists some C > Q such that for any operators 
{Tx,y G B{H))x,y^x € SP{L^Xm) 

\\{^{x,y)Tx,y)x,y€x\\sP{L^X®H) < C'\\T\\sp(^]^2x^H) ^ 

where iL is a Hilbert space, then we say that is a completely bounded 
Schur multiplier on SP{L‘^X), and the smallest possible C is denoted 
by \\^\\cbMSP(L^X)- 

Let G be a locally compact group with a fixed Haar measure. A 
continuous function on the group / G C (G) gives rise to a continuous 
function [{x,y) f{x~^y)] G G(G x G) (denoted by / in [LdlSj i on 

its product G x G, and if it is a Schur multiplier on SP{L?‘G) then we 
denote it by m/. With our notation we have 

ll"i/llM5P(L2G) = sup ll(/(a^ ^y)Tx,y)x,y€G\\sP{L'^G)^ 

T(iSP{L^G),\\T\\sP(,L2G)<^ 

and 


ll"i/llc6MSP(L2G) — SUp||(/(x ^y)Tx,y)x,y€G\\sP{L'^G®H) 

where FT is a Hilbert space and the supremum is taken over operators 
{Tx,y G B{H))x,y^x € SP{L^Gm) with WTWsp^L^cm) < 1- 

Definition 2.1 flLdlS]/ ) Let G be a locally compact topological group 
with a fixed Haar measure. Let p G [l,oo] as above. Say that G 
has the property of approximations by Schur multipliers on Schatten p 
class if there exist a net of functions {fa)a&i in the Fourier 


5 






algebra A{G) (being a subset of Co{G)) which are completely bounded 
Schur multipliers on Schattenp class S^{L?‘G) with uniformly bounded 
norms 

sup ||m/„||cfeMSP(L2G) < +00, 

a^I 

such that the constant function 1 on G can be approximated by these 
functions {fa)aei uniformly on compact sets. 

Since S‘^{Lf‘G) is the space of Hilbert-Schmidt operators and 

II”T'/IIc6MS2(L2g) = \\f\\L^{G): 

G always has . 

After [BF] , completely bounded multipliers on the Fourier algebra 
A{G) coincide with that on compact operators on Lf{G) : 

II/IImoA(G) = II"^/IIc6MS°°(L2G)>^/ ^ 

we see that (or APffj(^'^'^, see [LdlSj l is equivalent to weak 

amenability for G. 

Let F be a countable discrete group. Denote L(r) its group von 
Neumann algebra, namely the bicommutant of the operators gener¬ 
ated by the left regular representation A of F on £^r 

L(r) = {A(7),7Gr}"cB(£2r). 

L(F) is equiped with the natural faithful tracial state t(x) = (Si,xSi},x E 
L(F). For finite p > 1, denote L^(Lr) the non commutative space 
associated to L(F), i.e. the Banach space of the completion of L(r) 
under the norm 

\\x\\LP{Lr) = {T{\x\P)y^^,x E L(F). 

The following statement is probably well-known to expert. 

Proposition 2.2 Let T be a countable discrete group and f E C(F). 
We have 

||/||Lp(Lr) < \\f\\Li{Lr), I <p < q < oo, 

and 

^^\\f\\LP{Lr) = ll/llG;(r)- 

Proof of Proposition 12.2t 
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Let H he a, Hilbert space and x G B{H) be a normal operator. 
Denote D C C the Gelfand spectrum of the abelian C* algebra gener¬ 
ated by X. For any unit vector ^ & H,hy Riesz theorem there exists a 
Borel probability ^ on D such that 

(C,F(x)0= [ F{t)d^i, 

Jn 

VF G C'(D). Now apply it to x = |/|,F(x) = x^,^ = 5e G ^^F, and by 
the inequalities of means we get the results. □ 

Proposition 2.3 Let H he a finite group, 1 < p < oo. Then for any 
funetion f G C{H), we have 

heH 

Proof of Proposition 12.3t We first have 

\\nH\\LHLH) = {SlJlH 6 l)=Y,fih), 

heH 

where 1h denotes the constant function one on H. 

By Holder inequality 

||/1h||li < II/IIlpIIIfIIl-j, 

where 1/p -|- 1 /q = 1 and ((5i, |1 h|'^<5i) = □ 

For a countable discrete group F and / G CF, we set \\f\\L°°{Lr) = 
ll/llc;(r )5 and L'^(LF) = LF, and denote \\mf\\MLP(Lr) the Fourier 
multiplier norm of / on L^{LT),p G [1, oo] : 


"^/llMLP(Lr) 


sup 

¥5Gcr,||v3||iP(j,p)<i 


[7 ^ f{l)T{l)] 


LP{LV)' 


Now we turn to a quantitative version of Theorem 11.11 based on 
which the theorem and Corollaries 11.21 and 11.31 are direct consequences 
of results in [LdlSj . 

Let F be a non Archimedean local field, O C F its ring of integer. 
Let G = Sp 4 {F), i.e. the matrices A G M^x^iF) satisfying A^JA = J, 
where 

/ 0 0 0 1 \ 

0 0 10 

0 - 100 ’ 

\-l 0 0 0/ 
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Theorem 2.4 G = Sp^{F),K = Sp\{0). Let p G (4,+oo]. There 
exists a continous function (fp G C'o(G) vanishing at infinity, such 
that for any K-biinvariant continuous function f G C{G), we have 

\fi9)\ < M9)\\'mf\\MSp{L^iG)). 

When p = oo, the analogue of such an inequality turns out to be 
important also in the proof of negation of AP for S'p 4 (M) (i.e. Sp{2, M)) 
in |HdL13a| and property (T*) for SL^fR) and Sp 4 {R) in |HKdL| . 

For p = oo and residue field of F has char different from 2, the 
statement is already known by [LaflOc] , 

Proof of Theorem 11.11 by Theorem 12.41 By Theorem 12.41 
1 G G{G) cannot be approximated on compact sets by iF-biinvariant 
functions fa G Gq{G) with sup„g/ \\'mf^\\chMSp{L'^G) being finite. Since 
both right and left K actions preserve the norm ||m.y||(,feMSp(L2(G)) 
(Proposition 4.2 in |LdlS] l. we see that the statement extends to all 
functions fa G C'o(G') and thus G does not have for p G 

(4,oo]. 

Now that is symmetric for a pair of conjugate numbers 

p,p' G [1, oo], 1/p + 1/p' = 1 (Proposition 2.3 in |LdlS] l. we have that 
G fails for p G [1,4/3) U (4, oo]. 

Since AP^f^'^'^ extends from any lattice to the ambient group (The¬ 
orem 2.5 |LdlS] l. we conclude that none of the lattices in G has 
for P € 4/3) U (4, oo]. □ 

Proof of Corollaries 11.21 and 11.31 

Corollary 11.21 is a direct consequence of the following fact: for 
a discrete group P, L'P[LT) having OAP is stronger than T having 
APpfb^^^ for the same p G (1, oo) (Corollary 3.13 [LdlSj b 

The Archimedean case of Corollarv ll.3l is proved in [HdL13allHdL13b] . 
For a non Archimedean local field F (and in fact any held), we know 
that any almost simple algebraic group of split rank > 2 contains a 
subgroup that is isomorphic to a quotient of SL 3 {F) or Sp^^F) by a 
hnite normal subgroup [BTl IMar] . Since for a discrete group, having 
AP implies having AP^f^'^'" for all p G (l,oo) (Corollary 3.12 |LdlS] l. 
we conclude the proof by showing the following lemma. 

Lemma 2.5 Let G be a locally compact group and N C G a finite 
normal subgroup. Let H be the quotient group H = G/N. Let f G 
Gc{H) ^ f G Gc{G) be the embedding of linear spaces defined by 
Kg) = KqN gH). We have 

\Wf\\cbSPPG < W'^fWcbSPL'^H- 
Now we prove the lemma. Let AT be a Hilbert space. 































Set 


s* : B{L^{G,K)) B{L^{H x N,K)) 

{Tx,y s B{K))x,y£G {Ts{ z)n^s{w)m) xN^ 

where s : H ^ G is any fixed section. It is an isometry on the 
subspace of Schattern class {BL'^{G, K)) since s* is induced from 
the isomorphism of the underlying Hilbert spaces. 

We have s*{mjT) = mf{s*{T)), since by assumption is a normal 
subgroup. □ 

□ 

The following two theorems are also quantitative versions of The¬ 
orem O and Theorem 11.51 respectively. 

Theorem 2.6 Let F = Fg[[ 7 r]] where q is an odd prime power, and 
let r be the lattice 5 p 4 (Fg[ 7 r“^]) in G = Sp 4 {F). Let K = Spi{0). For 
any p € (4, oo], there exists a function vanishing at infinity fip G C'o(r), 
such that for any function f € C(r)n ^C{G)^ (i.e. f G C(r) and 
f{l) = f{l') whenever 7 G T n G T we have 

1 /( 7 )! < (l>p{l)\\mf\\MLv{LV)- 

For p = 00 , the statement is a special case of Theorem 1.2 when 
s = 0 in |Liaol4j . 

Proof of Theorem 11.41 by Theorem 12.61 Denote D{i,j) the 
diagonal matrix 

/vr- \ 



V ttV 

Let i : T ^ M>o be the function defined by £( 7 ) = z if 7 G 
KD{i,j)K,i > j > 0, or equivalently £( 7 ) = log^ || 7 || = log^ maxi<a,/ 3<4 ba^lr- 
It is a length function since {KD{i,j)K)~^ = KD{i,j)K and 115111115211 > 
|| 5 i 52 ||- It is the length function induced from the Bruhat-Tits building 
associated to G, and thus biLipschitz to the word length on T [LMR] . 

By dehnition ^-radial functions are K biinvariant functions on T, 
and this completes the proof. □ 

Theorem 2.7 Let F,T,G, K be as in Theorem. \2.6[ Then for any p G 
( 4 , 00 ], there exists a function (f>p G C'o(r) such that for any function 
f G C(r)n ^C{G)^ we have 

1 /( 7 )! < M'l)\\"^f\\MSp{e^r)- 

Proof of Theorem 11.51 by Theorem 12.71 One can take the 
same length function as in the proof of Theorem 11.41 by Theorem 12.61 
□ 
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3 Proof of Theorem 

Denote D{i,j) the diagonal matrice 

/vr- \ 



V ^7 

The set A = {{i,j) G N^,i > j > 0} is in bijection with the double 
cosets K\G/K via (i,j) KD{i, j)K. 

Proposition 3.1 Let G,K,p be as in Theorem IS.41 

• If the characteristic of F is different from 2, denote uq € N the 
valuation of2£F. Then we have for any K-biinvariant function 
f G C{G), 

|/(D(i.i))-/(D(,:,i+l))| < 

where {i,j) G A and i > l,i — j > vq + 1. 

• If the charaeteristic of F is 2, then V/ G G{G) K-biinvariant we 
have 

\f{D{tG))-f{D{iG + 2))\ < 
where i > j + 2. 

Proposition 3.2 Let F be a non Archimdean loeal field of any char¬ 
acteristic, and G,K,p as in Theorem \2.4\ Let f be any K biinvariant 
funetion on G. Then for any (i, j) G A with j > 3, we have 

\f{D{i,j)) - f{D{i + l,j - 1))| < 2g2 . 

Proof of Theorem 12.41 by Propositions 13.11 and 13.21 above: 

It is similar to the oroof of Theorem 3.1 bv Prooosition 3.2 in [Liao m, 
i.e. a zig-zag argument along the line i = 3j. □ 

Proof of Proposition 13.2t 

Lemma 3.3 (lemma 4-9 in \LdlSf ) Let m,n & N*, k G {1, 2,..., m}. 
Letp > 2-|-2/n. Let H be a locally compact group, a,/3 : (C)/7r”*0)”'+^ — >■ 
H two maps. Let f G Gc{II) satisfy 

f{a{ai,a2,...,an,b)/I{xi,X2,...,Xn,y)) = A, 


n 

if y = OiXi + b + TT^ Ojir^O, and 

i=l 
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Then 


f{a{ai,a 2 ,...,an,b)/ 3 {xi,X 2 , ...,an,y)) = h, 

n 

if y = ttiXi + b + Tr^~^ € O/'k'^O. 

i=l 

|A - /x| < 2q ^^\\mf\\MSP{{L^(H))^ 
where e = ^ (p — (2 + ^)). In particular when n = 1, 

\X-y.\<2q 2 ^^ "^'^^^||" 1 /||msp({l 2 (j 7 )), 

when n = 2 

|A - p| < 2q~'^^^~^^P'>\\mf\\MSp{{L^{H))- 

□ 

We first prove the case when char{F) ^ 2. 

We first show that there exist k>i — j — vq — 1 and two maps 
a, (5 : [p —>■ G such that when y = ax + 6 , we have 

a{a,b)f3{x,y) £ KD{i,j)K, 

and when y = ax + b + 7 r^~^, 

a{a,b)/3{x,y) £KD{i,j + l)K. 

Indeed, one can set k = 2m — 2j — vq where m is the integral part 
of {i + j)/ 2 , and «,/? equal to (3~^,a respectively in the proof of 
oroDOsition 3.2 in [Liao m, namely 


/tt™ 





f 

1 



^i-m+j 






0 

1 



^-i+m-j 





o-(a) 

1 

1 

V 


TT 

m ^ 


Vo-(a) 

^ — 2 a{b) 

o-(a) 

0 

( 1 




(t: 

-m+j 




0 

1 





T^-m+j 



a(x) 

0 1 






T^m-j 


\o-(x)2 + 2 a(y) 

o 

b 

V 


K 




TT™ 


where x,y,a,b £ OfPO, and a : OjPO —> O is a section. The 
computations in |Liaol3j show that these matrices indeed satisfy our 
requirements. It is also possible to construct a, ft as variants of the 
matrices used in |LaflOc| . 

Now apply Lemma 13.31 to a, ft above, m = k, H = G, and A = 
fiD{i,j)),n = f{D{i,j + 1)), we have 

\f{D{i,j)) - f{D{i,j + 1))| < 2q 


11 

















Now prove the estimate when Char{F) = 2. 

There exist k > {i — j — 2)/2 and a, (3 : (O —>■ G such that 

when y = ax + b, 


a{a,b)f3{x,y) € KD{i,j)K, 
and when y = ax + b + 


a{a, b)l3{x, y) G KD{i, j + 2)K. 


We still use the constructions from |Liaol3j . Let k = m — j — 1 
where m = i.e. the biggest integer < (i + j)/2. Let x,y,a,b G 

0(7r’^~^~^0, and a : 0(7r"^~-^~^0 —)■ O be a section, and set 


\ 

^z-m+j 

7r-^+^-J(l + 7ro-(a))2 7r-*+™-^' 

7r-”^+V(6) 0 TT-”^/ 


(it(x) + 7riT(y)) 0 7r^~3 

\ ^-m+i^(2,)2 7r“™'+'^((T(x) + 7riT(y)) 0 

By similar (or simpler) computations as in the proof of lemme 4.1 in 
[Liaol3| we see that these matrices satisfy our requirements. 

Now by applying Lemma 13.31 we get 


a{a, b) = 


IT 


IT 
0 

— 2 +m—j +1 
0 


a{b) 




T^-m+j 

0 


\f{D{i,j)) - f{D{i,j + 2))\ <2q * 2 ^/P'>\\mf\\MSPiL^iG))- 


□ 

Proof of Proposition 13.2t Similarly to the proof of the previous 
proposition, we will construct appropriate matrices in G and apply 
Lemma. 13.31 to obtain the desired inequality. 

When i + j is an even number, there exist k > j — 2 and matrices 
a, 13 : (OjiT^O)^ — >■ G such that Vai, 02 ,6 , xi,X 2 , y € O/tt^O, if y = 
oixi + 02 X 2 + b, then 


a(ai,a2,6)/3(xi,X2,y) G KD{i,j)K, 

and if y = oixi + 02 X 2 + 6 + tt^~^, 

a{ai,a2,b)f3{xi,X2,y) G KD{i + l,j - 1)K. 

Indeed, removing the discretization [•] in a, (3 for i+j G 2N and in d, /3 
for i + j G 2N — 1 in the proof of the second inequality of proposition 
3.2 in [Liaol4] (which are improved constructions of the matrices used 
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in the proof of lemma 2.1 in |LaflOc| i. we get a construction of a, (3. 
More precisely, let A; = m = [(i + j)/2] — 1, i.e. when i j € 2N, m = 
(* + j)/2 — Ij and when i + j G 2N + l,m = {i + j — l)/2 — 1. 
Let a : ^ O be any section. When i + j is even, set 

a,/3 : {O/Ti'^+^Of ^ G by 


a(ai, 02, b) — ai{ai, 02 , b) 


(\ —+ 7r(T(ai)) + 7rcT(a2)) —Tr~'^'^a{b) \ 

0 1 0 7r“"*“^(l + 7r(T(a2)) 

0 0 1 7r“™'“^(l + 7r(T(ai)) 

Vo 0 0 1 / 

I3{xi,x2,y) 

I'l 7r~"^a(x2) 7r“™'cr(xi) 7r~"^~^7r~‘^(a(xi) + <7(x2)) + 7r~^"'a(y)\ 

0 1 0 7r“™'(j(xi) 

0 0 1 —7r“™cr(x2) 

Vo 0 0 1 

And when i + j is odd, set 


0 ( 01 , 02 , 6 ) = 


/I 0 0 0 \ 

1 vr-i 0 
1 0 
V 1/ 


ai(oi, 02, 6), 


(*) 


where oi is as defined in (*). Identical (after removing [•]) computa¬ 
tions as in |Liaol4| show that they satisfy required properties. Note 
that even though in |Liaol4j the local field F is assumed to have char¬ 
acteristic different from 2, the constructions of a, d,/3 are valid for any 
characteristic. 

Now apply Lemma lH^ to k, a, (3, and H = G,n = 2, X = = 

f{D{i + l,j — 1)), we have 

l/(0(i.i)) - fm + IJ - l))l < 

□ 


4 


Proof of Theorem 


2.6 


We adopt the notations F,0,G,K,D{i,j),A as in Section 3. Note 
that the ring of integer O is Fg[[7r]]. 

Proposition 4.1 Let F,G, K,T,p be as in Theorem \2.6l Then for 
any function f C{G)^ we have 

\f{D{iG)) - f{D{i,j + 1))| < G,,pq-^^/^-^/P^^^-^^\\mf\\MLnLrL 
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and 


\fm,j)) - fm+1,3- i))i < 

Proof of Theorem 12.61 using Proposition I4.lt For any p > 4, 

there exists n G N such that 2(1 + 1/n + +)/p — 1 < 0. A zig-zag 
argument near the line i = (1 + lln)j will yield the estimate. □ 

Proof of Proposition I4.lt 

Lemma 4.2 For each {i,j) G A, there exist two finite subgroups 
H 2 ^ij F F of cardinality q 2 (i+j )+2 respectively, 

and two family of functions G h 2 ,ij,h 2 ,i+i,j-i G 

CH 2 ,i,j that are normalized characteristic functions of points in KD{i,j)Kr\ 
Hi^ij and KD{i,j)K fl j respectively, such that 

and 

\\h2,i,j - h2,i+i,j-i\\c+H2,i,j) ^ 2g^g““'. 

Now prove the first inequality. We set 


= {a{a,b,e) = 

and the following function 


0 TT *a TT *6^ 
1 7r“*e 7r“*a 

1 0 

1 / 


a,b €z Fg+Fg 7 r+...+Fg 7 r* fie G Fg}, 




E 


(2€Fg + ...H-Fqr7r^ ^ 


+a(a,ti-j{+)++ J,l)’ 


where tj-j : Fg FgTT^* Fg + ... -|- Fg 7 r® ^ is the obvious 

truncation ti-j(Efe>o = T.o<k<i-j ■ 

Let X G and suppose Xi) X 2 are characters of Fg + ...+Fg 7 r*“-^ 

and X 3 € Fg such that x(<a(a, 6 ,e)) = Xi(a)X 2 (f')X 3 (^)- We have the 
following: if x(^i,i,j “ fi 0, then there exists 0 G Fg + ... -|- 

Fg 7 r®“-^ such that Xi(a) = X2{ti-j{da)). Indeed, if ka,a = 1,2 is the 
smallest integer k such that Xa is trivial on FgTr*”-^”^ + FgTr*”-^”^"’'^ -|- 
...-t-FgTr®"-^ and non-trivial on FgVr®”-^”^"^, then we have ki > k 2 unless 
= 0. The existence of 9 follows from the fact that 
Fg[ 7 rj/ 7 r*“'^+^'Fg[ 7 r] is a local ring. 

Bv a lemma on Gauss sum [LaflOajlsee also Lemma 4.3 [Liao ID) 
we have that 


\x{hxi,j - K^,j+i)\ < 2g-('-^')/2^Vx G H^ij. 
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This yields the first inequality. 0 

For the second inequality in the lemma, set 


= {/3(a,6,c) 


/I [7r-™a] 

1 

V 


[7r-™6] [7r-2™c] \ 

0 [7r-"*6] 

1 -[vr-^a] 

1 / 


,a,b,c ^ O}, 


where m = [{i + j)/2], and [•] : Fq((7r)) Fg[7r is defined by taking 
the integral part Ei 

The constructions of are identical to the explicit functions 
/i9 used in the oroof of Prooosition 4.1 in [Liao m, namely 


“ h 3 m hl+TTc))- 

The second inequality is exactly the second inequality of Proposi¬ 
tion 4.2 |Liaol4| . □ 

Let us first show the first estimate. Apply Proposition 12.31 to H = 
and cj) = mf{hi^ij — and by Lemma 14.21 hi^ij is a 

normalized characteristic function supported on KD{i,j)K, we have 

and again by Lemma 14.21 and Proposition 12.21 it is 

< C'g.pll™-/ • 

The second estimate is proved in the same way. □ 


5 


Proof of Theorem 


\ 27 r\ 


We adopt the notations F,0,G, K, D{i,j),A as in Section 3. 

^ If we set 

~ h 3n/ ,[Tr-'a'^+-K-i (1+-Kc)])^ 

a,b^c^O/TZ^O 

then we also have ||A = ^ j . .) < 2 g“b“d /2 fg,. some finite abelian 

subgroup ^ j and the support of the spectrum of A has cardinality < Since 

what contributes in the norm of the spectrum of A is the measure of its support, this 
gives a second proof of the first estimate in Proposition 14.11 
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5.71 Then we 


Proposition 5.1 Let F,G,K,The as in Theorem 
have for any function / € C(r) n ^C{G)^ 

\f{D{i,j)) - f{D{t,j + 1))| < 
and 

\fiD{i,j)) - f{D{t + l,j - 1))| < 2q-(^-^^^^-^M\\mf\\Msne^ry 

We remark that the arguments in Section 4 yield the same (up to a 
constant) decaying factor £qj. ££j.g£ inequality and a 

worse one g-j(i-3/p)^ fg]. £]^g second inequality. To be 

consistant a complete proof of the first inequality is also given below. 

Proof of Proposition I5.lt The proof proceeds in a similar way 
as the proof of Propositions 13.11 and 13.21 - we will construct matrices 
satisfying required conditions and the apply Lemma 13.31 

We prove prove the first estimate. 

There exist a, 13 : —)• T such that for y = ax + b we 

have 

a{a,b)l3{x,y) G KD{iJ)K nT 
and for y = ax + 6 + 

a{a, b)f3{x, y) G KD{i,j + \)K n T. 


The construction of a, f3 are identical to a, j3 used in the first proof 
of Proposition 3.2 in |Liaol4j (which are matrices in |LaflOc| after 
discretization). More precisely, set 


a(a, b) 


fl 0 [vr V(a)] [vr V(a^ — 6)]^ 
0 1 7r“* [7r“V(a)] 

0 0 1 0 

\0 0 0 1 / 


I3{x,y) 


/l 0 [vr *(t(x/2 )] 
0 1 0 

0 0 1 

Vo 0 0 


[vr V(x2/4 + y)]\ 
[7r-V(x/2)] 

0 

1 / 


,a,h,x,y G 0 /7r^~^^0 


where [•] : Fq((7r)) —>■ Fq[7r“^] the integral part of an element and 
a : O/vr^+^C) —>• O is a section. 

Apply Lemma 13.31 to H = T,a, I3,k = i — j,m = i + 1, A = 
f{D{i,j)),y = f{D{i,j + 1)) we get 


\f{D{zJ)) - f{Dit,j + 1))| < 


Now prove the second inequality. 
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There exist k > j — 2 and a,j3 : [Oj'n^O'f' —>• G such that when 
y = oixi + 02 X 2 + b,\/ai, a 2 ,b,xi,X 2 ,y G O/ir^O we have 

a{ai,a2,b)(3{xi,X2,y) G KD{iJ)K, 

and when y = oiXi + 02 X 2 + b + 7r^~^, 

a{ai,a2,b)l3{xi,X2,y) G KD{i + l,j - l)K. 

The constructions of a, (3 are identical to a, (5 in the proof of the second 
inequality of proposition 3.2 in [Liaol4| when i + j is an even number, 
and identical to d, /3 when i+j is odd. They are already used in the 
proof of Proposition 13.21 which we omit here. 

By applying Lemma [3l^ to H = T,n = 2,a, /3,k, \ = = 

f{D{i + 1, j — 1)) we have 

\f{D{i,j)) - f{D{i + 1, j - 1))| < 


□ 
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